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Abstract

A curvature correction for explicit algebraic Reynolds stress models (EARSMs), based on a formal derivation of the weak-

equilibrium assumption in a streamline oriented curvilinear co-ordinate system is presented. The curvature correction is given from

the rotation rate of the curvilinear co-ordinate system following the mean flow. Two methods for defining that rotation rate are

proposed, one is derived from the strain-rate tensor, and the other is derived from the local mean acceleration vector. Both methods

are fully three-dimensional and Galilean invariant and the correction vanishes in cases without curvature or rotation effects. The

EARSM proposed by Wallin and Johansson (J. Fluid Mech. 403 (2000) 89) was extended with the proposed curvature corrections

and recalibrated in such a way that the original model was retrieved in cases without curvature or rotation effects. Rotating ho-

mogeneous turbulent shear flows with vanishing mean vorticity should be close to neutral stability according to linear stability

theory, also observed from large eddy simulations. This was used for the recalibration. The importance of the curvature correction

and the proposed recalibration is shown for rotating homogeneous shear and rotating channel flows. � 2002 Elsevier Science Inc.

All rights reserved.

1. Introduction

Turbulent flows over curved surfaces, near stagnation
and separation points, in vortices and turbulent flows in
rotating frames of reference are all affected by streamline
curvature effects. Strong curvature and/or rotational
effects form a major cornerstone problem also at the
Reynolds stress transport modelling level, and pressure–
strain rate models that are able to accurately capture
rapidly rotating turbulence are rare. In more moderate
situations the SSG model (Speziale et al., 1991), and
derivations thereof, show rather good behaviour in ro-
tating flows such as rotating homogeneous shear flows
(see Gatski and Speziale, 1993). Standard eddy-viscosity
models without explicit corrections, completely fail in
describing effects of local as well as global rotation.

Algebraic Reynolds stress models (Rodi, 1972, 1976)
are the results of applying the weak-equilibrium as-
sumption on the full differential models. In the weak-
equilibrium limit of turbulence, the Reynolds stress
anisotropy tensor, aij � uiuj=K � ð2=3Þdij, is assumed to

be constant following a streamline. Neglecting also the
diffusion of the anisotropy tensor results in an implicit
purely algebraic relation for aij. Algebraic modelling has
had a renewal during the last decade after it was found
that the resulting implicit algebraic relation for aij may
be formally solved resulting in an explicit relation (see
e.g. Pope, 1975; Taulbee, 1992; Gatski and Speziale,
1993; Girimaji, 1996; Johansson and Wallin, 1996).

The material derivative that includes advection by the
mean flow (in the following denoted D=Dt) of a scalar
field is invariant of the choice of co-ordinate system.
However, the material derivative of a tensor field of
higher rank than zero, e.g. vectors and second rank ten-
sors, is not invariant of the choice of co-ordinate system
for representing the tensor components.

It has been suggested by e.g. Rodi and Scheurer
(1983) that the weak-equilibrium assumption is better
evaluated for the anisotropy tensor expressed in a
streamline-based co-ordinate system. In e.g. circular
flows where the azimuthal direction is homogeneous, the
weak-equilibrium assumption is then exactly fulfilled.
This approach is, however, not Galilean invariant and
should not be used in a general model.

Galilean invariant methods have been proposed by
Girimaji (1997) and Gatski and Jongen (2000) which are
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based on the rotation rate of the acceleration vector and
the strain-rate tensor, respectively, following the mean
flow. The latter is an extension of the ideas by Spalart
and Shur (1997) for correcting eddy-viscosity models.
These methods are, in principal, derived for general
three-dimensional (3D) flows, but so far, only complete
expressions and methods for two-dimensional (2D)
mean flows have been presented. These ideas are ex-
tended in the following section and fully 3D closed form
relations are presented.

In cases with moderately curved streamlines the
choice of co-ordinate system has a rather minor effect,
see e.g. Rumsey et al. (1999) for flow over an airfoil.
However, in cases with strong streamline curvature this
effect is dominating. In a study of a generic wing tip far-
field vortex by Wallin and Girimaji (2000) it was found
that the turbulent dissipation of the vortex was by far
overpredicted using the standard algebraic Reynolds
stress models while including the effect of the streamline
curvature gave a qualitatively correct behaviour (see
Fig. 1).

2. Curvature corrected model

General quasi-linear Reynolds stress transport mod-
els may be written in terms of a transport equation for
the anisotropy tensor
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(see Wallin and Johansson, 2000). D
ðaÞ
ij is the diffusion of

aij and s ¼ K=e is the turbulent time scale. The strain
and rotation rate tensors, Sij and Xij, are normalized by
s. This relation results from the general quasi-linear
model for the pressure–strain rate and dissipation rate
anisotropy, eij, lumped together

Nomenclature

aij Reynolds stress anisotropy tensor, uiuj=K�
ð2=3Þdij

D
ðaÞ
ij diffusion of aij

D=Dt, (�) advection by mean flow, o=ot þ Ujo=oxj
eij dissipation rate anisotropy, eij=e � ð2=3Þdij

es curvilinear co-ordinate system, (̂tt; n̂n; ŝs)
K turbulent kinetic energy, uiui=2
P turbulence production
Ro rotation number
Ro�, Roþ bifurcation rotation numbers
Res Reynolds number based on friction velocity
Rem Reynolds number based on bulk velocity
Sij normalized mean flow strain-rate tensor,

sðUi;j þ Uj;iÞ=2
T orthogonal transformation
uiuj Reynolds stress tensor
us wall friction velocity

e dissipation rate of K
C vortex circulation, 2prV
K eigenvalue tensor (diagonal)
Pij pressure–strain rate
s turbulent time scale, K=e
Xij normalized mean flow rotation rate tensor,

sðUi;j � Uj;iÞ=2
XðrÞ co-ordinate system rotation rate tensor
X� effective mean flow rotation rate tensor
xðrÞ co-ordinate system rotation rate vector

Subscript
s in the curvilinear co-ordinate system

Superscripts
t transpose
þ normalized by wall units

Fig. 1. Computed vortex circulation C � 2prV compared to field

measurements (Campbell et al., 1996, 1997) with the initial profile (––).

RST (– – –) compared to the corresponding EARSM with (- - -) and

without (– - – - –) streamline correction and standard K–e model (– - - – -
- –). Taken from Wallin and Girimaji (2000).
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The A coefficients are related to the C coefficients
through
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2.1. The weak-equilibrium assumption

Usually, in deriving algebraic Reynolds stress models
the l.h.s. of (1) is neglected in the computational
(¼Cartesian) co-ordinate system. The resulting algebraic
relation may be formally solved leading to an explicit
algebraic Reynolds stress model (EARSM), that is an
explicit relation for aij (see Wallin and Johansson, 2000).
The A0 coefficient in (1) influences the EARSM only if a
contribution of the l.h.s. of (1) is included into the
EARSM.

Girimaji (1997) and Sj€oogren (1997) realized that, by
imposing the weak-equilibrium assumption in a general
curvilinear co-ordinate system, es � ð̂tt; n̂n; ŝsÞ, an addi-
tional algebraic term appears which easily can be ac-
counted for in the EARSM solution.

The Cartesian (or computational) co-ordinate system
e � ðx̂x; ŷy; ẑzÞ is transformed to es ¼ Te using the or-
thogonal transformation T (T tT ¼ I). The advection of
the anisotropy (or any second rank tensor) may be ex-
panded to

Da

Dt
¼ T t DTaT t

Dt
T � aXðrÞ�

� XðrÞa
�
; ð4Þ

where the first term on the r.h.s. is interpreted as the
advection of the transformed anisotropy, as ¼ TaT t,
transformed back to the Cartesian system, T tð� � �ÞT. The
second term contains the antisymmetric tensor

XðrÞ ¼ DT t

Dt
T ¼ �T t DT

Dt
: ð5Þ

If the advection of the anisotropy is neglected in the es
system, the resulting term (aXðrÞ � XðrÞa) may be fully
accounted for and included into the EARSM formula-
tion simply by replacing X in (1) with

X� ¼ X � s
A0

XðrÞ: ð6Þ

The formal transformation of the material derivative
has earlier been presented by Girimaji (1997) and
Sj€oogren (1997), the later with an extension for non-

orthogonal co-ordinates. They extended this analysis
with a formal derivation of the XðrÞ tensor from the
definition of the co-ordinate system. That analysis be-
comes rather tedious especially in general 3D flows. The
final expression includes derivatives of the metrics of the
curvilinear co-ordinate system which may cause nu-
merical problems when utilized for real 3D numerical
computations (personal communications T. Rung,
Technical University of Berlin).

In this paper we will not go further into the derivation
of XðrÞ, but rather try to understand the physical inter-
pretation of XðrÞ. The material derivative of es is ex-
pressed by using the transformation T

Des
Dt

¼ DT

Dt
T tes ¼ �XðrÞ

s es; ð7Þ

where XðrÞ
s ¼ TXðrÞT t is XðrÞ transformed to the curvi-

linear co-ordinate system. The XðrÞ tensor is, thus, di-
rectly related to the rotation rate of the co-ordinate
system following the fluid particle

XðrÞ
ij ¼ ��ijkx

ðrÞ
k ; ð8Þ

where xðrÞ is the co-ordinate system rotation rate vector,
also noted by Gatski and Jongen (2000).

The problem is now reduced to finding the xðrÞ that
minimizes the advection of the anisotropy tensor in the
es system. In general 3D flow fields it is not possible to
know the optimal transformation a priori, and, thus,
xðrÞ must be derived from the computed flow field.

2.2. Strain-rate based co-ordinate system

If we assume that there is an algebraic relation for a
in terms of S and X�, a ¼ f ðS;X�Þ, the variation of a
might be expressed in terms of the variation of S and
X�. If there exist a curvilinear co-ordinate system where
the variation of S and X� vanishes in the mean flow
direction, then also the variation of amust vanish in that
system. Let us try to find the curvilinear co-ordinate
system, or equivalent the XðrÞ tensor, for which the
variation of S is minimal. The question of considering
also the variation of X� will be discussed later.

The advection of the strain-rate tensor S may, simi-
larly to the advection of the anisotropy tensor (4), be
expressed as the advection in a curvilinear co-ordinate
system plus an algebraic term arising from the trans-
formation

DS

Dt
¼ T t DTST t

Dt
T � SXðrÞ�

� XðrÞS
�
: ð9Þ

The best approximation of the co-ordinate system
where the advection of the S tensor is neglected may be
obtained by finding the solution for the XðrÞ tensor from
(9) where the first term on the r.h.s. is set to zero.
However, that equation system is overdetermined since
there are five (two in 2D) independent equations for
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_SS � DS=Dt and three (one in 2D) independent com-
ponents of XðrÞ.

Let _SS0ij be the advection of the transformed Sij (first
term on the r.h.s. of (9)). By using that XðrÞ � ��ijkx

ðrÞ
k

the equation for _SS0ij becomes

_SS0
ij ¼ _SSij � ðSil�ljk þ Sjl�likÞxðrÞ

k : ð10Þ
_SS0ij may be minimized in a least square sense by

minimizing the norm _SS0ij _SS
0
ij, which, for this case, is

equivalent with Spl _SS0lq�pqi ¼ 0. That results in

Spl _SSlq�pqi ¼ Aijx
ðrÞ
j ; ð11Þ

where Aij ¼ 2IISdij � 3SikSkj (derived by using the rela-
tion �ijk�rst ¼ dirdjsdkt þ disdjtdkr þ ditdjrdks � dirdjtdks �
djsditdkr � dktdisdjr).

The solution of (10) for the rotation vector xðrÞ
i can

now be determined by multiplying by the inverse of Aij

xðSÞ
i ¼ A�1

ij Spl _SSlq�pqj; ð12Þ

where Aij is inverted by the aid of the Caley–Hamilton
theorem to

A�1
ij ¼ II2Sdij þ 12IIISSij þ 6IISSikSkj

2II3S � 12III2S
: ð13Þ

An interesting observation is that if the transforma-
tion T is the eigenvectors of S, then the transformed S is
the diagonal eigenvalue tensor K. The first term on the
r.h.s. in (9) then becomes T t _KKT. Multiplying that term
by S results in ST t _KKT ¼ T tK _KKT, which is symmetric
since both K and _KK are real. That term, thus, vanishes
when multiplied by �ijk . In other words, the transfor-
mation T that minimizes _SS0ij _SS

0
ij is given by the eigen-

vectors of S.
The proposed method is, thus, identical to the Gatski

and Jongen (2000) assumption of relating xðrÞ to the
rotation rate of the principal directions of S following
the mean flow. While Gatski and Jongen presented an
explicit relation for xðrÞ only for 2D mean flows, the
present relation (12) is valid also for 3D flows.

The denominator in (13) may be investigated for the
case where S is oriented in the principal direction. S is
then diagonal with the components ½a; b;�a � b�. The
denominator then becomes

2II3S � 12III2S ¼ 4ða � bÞ2ð2a þ bÞ2ða þ 2bÞ2 ð14Þ

which is positive for all a and b except when two of the
eigenvalues are equal or all eigenvalues are zero. The
singularities at these points may be avoided by adding a
small number to the denominator.

In 2D mean flows, xðSÞ
i reduces to

xðSÞ
3 ¼ S11 _SS12 � S12 _SS11

2S211 þ 2S212
ð15Þ

which is identical to the Spalart and Shur (1997) and the
Gatski and Jongen (2000) corrections.

The variation of X� may also be considered in de-
termining the optimal xðrÞ

i . By minimizing the norm
_SS0ij _SS

0
ij þ _XX0�ij _XX0�ij, where _XX0�ij is the advection of the

transformed Xij, the transformation xðS–XÞ that mini-
mizes both the variation of S and X is found. In 2D
mean flows, xðS–XÞ reduces to xðSÞ in (15), but in general
xðS–XÞ 6¼ xðSÞ. However, due to the huge algebraic
complexity, the complete xðS–XÞ is of limited practical
use.

2.3. Acceleration based system

It was proposed by Girimaji (1997) to use the accel-
eration vector _UU � DU=Dt as the basis for constructing
the curvilinear co-ordinate system. Since the accelera-
tion vector is Galilean invariant the resulting streamline
curvature corrected model would also be Galilean in-
variant. Girimaji further suggested to let one of the
other unit vectors be in the direction of _UU  €UU . In 2D
mean flows that direction is known, but in 3D flows, one
needs to derive €UU � D _UU=Dt from the mean flow field.
Since XðrÞ also depend on the rate of change of the unit
vectors, one additional derivative of the velocity field is
needed in the resulting, quite complex, expression.

Is it possible to approximate the co-ordinate system
rotation rate, xðrÞ, directly from the acceleration vector
and the rate of change of that? Let us investigate the
following approximation proposed by Wallin (2000)

xðapproxÞ ¼
_UU  €UU
_UU2

: ð16Þ

This approximation obviously gives the correct xðrÞ in
circular flows and was the motivation behind the ap-
proximation.

The approximation may be related to the acceleration
based system, xðaccÞ, proposed by Girimaji. In the cur-
vilinear co-ordinate system, let n̂n be in the direction of
the acceleration _UU , ŝs in the direction of _UU  €UU and
t̂t ¼ n̂n ŝs. The acceleration vector may then be written as
_UU ¼ an̂n, where a ¼ j _UU j. The rate of change of the ac-
celeration is €UU ¼ _aan̂nþ a _̂nn̂nn and the approximation then
becomes

xðapproxÞ ¼ n̂n _̂nn̂nn ¼ xðaccÞ � xðaccÞ
n n̂n; ð17Þ

where we have used relations (7) and (8) for expressing _̂nn̂nn
in terms of xðaccÞ and es.

The difference between the approximation (16) and
(17) and the full transformation of the acceleration
system is, thus, that the rotation rate in the direction of
the acceleration is not accounted for in (16) and (17).

2.4. Circular flows

Flows that can be described in a cylindrical (̂rr; ĥh; ẑz)
co-ordinate system and that are homogeneous in the ĥh

and ẑz directions are truly 3D if the ẑz component of the
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mean velocity is not constant in the r̂r direction. Fully
developed pipe flow rotating around the symmetry axis
and a free vortex with a velocity deficit are examples of
such flows. The advection of the anisotropy represented
in the (̂rr; ĥh; ẑz) system vanishes exactly and the corre-
sponding co-ordinate system rotation rate vector is
xðrÞ ¼ ðV ðrÞ=rÞẑz, where V ðrÞ is the (absolute) angular
velocity. The xðrÞ vector is, thus, only constant if the
flow is a rigid body rotation. In general xðrÞ is a function
of r.

This class of flows may be used for testing if the fully
3D forms of the proposed corrections are consistent
with the exact one. It is shown in Appendix A that both
the proposed correction based on the strain-rate tensor
in (12) as well as the one based on the acceleration in
(16) are identical to the exact one. Spalart and Shur
(1997) also proposed a 3D correction which is different
from that proposed here and that fails in reproducing
the exact xðrÞ, see Appendix A.

3. Model calibration

Different sets of A0–4 coefficients in Eq. (1) will be
tested for some generic test cases where rotational effects
are significant. The EARSM derived from the linearized
SSG (Speziale et al., 1991) denoted ‘L-SSG’ has the
coefficients shown in Table 1. That model, without
curvature corrections, was proposed by Girimaji (1996).
The Wallin and Johansson (2000) EARSM, Wallin and
Johansson (WJ), was developed without any corrections
related to the l.h.s. of Eq. (1) and, thus, the resulting
model was independent of the A0 coefficient. However,
the value for A0 resulting from the original model is
shown in the table. For some of the comparisons, the
curvature correction for the WJ model will be switched
off to let the flow be represented in an inertial system.
That corresponds to A0 ! 1 and is denoted as ‘iWJ’ in
the table.

Introducing the curvature correction for the original
choice of the A0 coefficient in the WJ model leads to a
model that predicts rotational effects poorly as will be
seen later in this paper and also observed by Wallin and
Girimaji (2000) for the vortex flow. Wallin and Girimaji
found that the WJ model behaviour was improved by
increasing A0 to a value closer to that of the L-SSG.

Here, we will do a more thorough analysis of the effect
of the A0 coefficient. The resulting final calibration of the
model is denoted CC-WJ in the table.

In calibrating the A0 coefficient, the long time as-
ymptotic behaviour in rotating homogeneous shear flow
is considered. Fig. 2 shows the effective Cl in the as-
ymptotic limit for different rotation numbers,
Ro � xðrÞ

z =ðdU=dyÞ, and different models. The effective
Cl is defined from

P

e
¼ CðeffÞ

l

K
e
oU
oy

� �2

: ð18Þ

Depending on the rotation number the turbulent kinetic
energy grows exponentially with constant P=e ¼
ðCe2 � 1Þ=ðCe1 � 1Þ (for non-zero effective Cl) or follows
a power-law solution where e=ðUyKÞ ! 0 (Speziale and
Mac Giolla Mhuiris, 1989).

The bifurcation points between the two solution
branches, Ro� and Roþ, correspond to the points where
CðeffÞ

l becomes zero or where the flow is close to neutral
stability. There is, however, a weak algebraic growth
associated with the power-law solution very close to the
bifurcation points (see Durbin and Pettersson-Reif,
1999).

Neutral stability occurs near Ro ¼ 0:5 and is also
likely associated with the linear velocity profile in the
core of a rotating channel (local Ro � 0:5) according to
Pettersson-Reif et al. (1999) (see also Oberlack, 2001).
Thus, one might calibrate the A0 coefficient such that the
required bifurcation point Roþ is obtained. Such a re-
lation reads

Table 1

The values of the A coefficients for different quasi-linear pressure–

strain models

A0 A1 A2 A3 A4

L-SSG �0.80 1.22 0.47 0.88 2.37

WJ �0.44 1.20 0 1.80 2.25

iWJ 1 1.20 0 1.80 2.25

CC-WJ �0.72 1.20 0 1.80 2.25

Fig. 2. Computed effective Cl for rotating homogeneous shear flow in

equilibrium (asymptotic solution). The models are curvature corrected

WJ (– – –), CC-WJ (- - -) and L-SSG (– - – - –) EARSMs compared to

non-corrected iWJ EARSM (– - - – - - –). Also CC-WJ for P ¼ e is

shown (––).
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2Roþ

A0

¼ 2Roþ � 1

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
A1A3

Ce1 � 1

Ce2 � 1
þ 1

2
A1A4 þ

1

3
A2
2

s
ð19Þ

which gives A0 ¼ �0:72 for Roþ ¼ 0:5 with the WJ val-
ues in Table 1 for the A1–4 coefficients and Ce1 ¼ 1:44 and
Ce2 ¼ 1:83. That value is used for the CC-WJ model in
Table 1 and the resulting effective Cl is given in Fig. 2.

The DNS data of the rotating channel by Alvelius
and Johansson (1999) shows that there is an approxi-
mate equilibrium (P � e) maintained by turbulent
transport effects. One can also observe that the effective
Cl is small, but finite and non-constant through the core
region. This is consistent with the CC-WJ curve in Fig. 2
for P ¼ e. At Ro ¼ 1=2 the model predicts a small, but
finite effective Cl and with a large negative derivative for
increasing Ro. The slope is important, since this implies
that if the velocity gradient in the core is given a small
positive perturbation, then Ro is slightly decreased giv-
ing an increased effective Cl. This leads to an increased
effective eddy viscosity that drives the velocity gradient
back to the equilibrium state, because of the balance in

the momentum equation. Thus, balance is obtained
close to the Roþ point, but within the region of expo-
nential asymptotic growth.

4. Generic test cases

4.1. Rotating homogeneous shear flow

Rotating homogeneous shear flow may be used as an
illustration of the effect of including the streamline
curvature correction. The flow is rotating with the rate
xðrÞ

z in the ẑz direction. In this specific case it is obvious to
transform the anisotropy tensor to the rotating co-
ordinate system. Exactly the same effect is obtained by
applying the corrections proposed in this paper, and the
weak-equilibrium assumption is then exactly fulfilled.

Four different cases were computed for rotation rates
Ro � xðrÞ

z =ðdU=dyÞ of 0, 1=4, 1=2 and �1=2 (see Fig. 3).
It is obvious that the eddy-viscosity model cannot dis-
tinguish between the different rotation rates.

These cases were computed with the different curva-
ture corrected algebraic Reynolds stress models given in
Table 1. The model based on the L-SSG gives reason-

Fig. 3. Computed evolution of the turbulent kinetic energy K in rotating homogeneous shear flow compared to large eddy simulation (�) (Bardina
et al., 1983). Curvature corrected WJ (– – –), CC-WJ (- - -) and L-SSG (– - – - –) EARSMs compared to non-corrected iWJ EARSM (– - - – - - –) and

eddy-viscosity model (––). sdU=dy ¼ 3:4 initially.
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able growth rates for most rotation numbers, though
underestimating the most energetic case (Ro ¼ 1=4). The
WJ model underestimates both cases with positive ro-
tation. However, by increasing the A0 coefficient the CC-
WJ model gives predictions close to the L-SSG model.

Switching off the curvature correction, as in the iWJ
model, degenerates the predicted growth rate for the
Ro ¼ 1=4 case, and for the Ro ¼ 1=2 case the growth
rate is severely overpredicted. From this, it is clear that
the streamline curvature correction is important. Since
the A0 coefficient is arbitrary without the curvature
correction, the CC-WJ and WJ models are identical
without correction or curvature effects.

4.2. Fully developed rotating channel

Fully developed rotating channel is considered. The
channel co-ordinate system is x̂x, ŷy and ẑz which is ro-
tating with the rate xðrÞ

z in the ẑz direction. Also in this
case it is obvious to transform aij to the rotational
frame, and both the exact transformation and the pro-
posed approximation exactly fulfill the weak-equilib-
rium assumption concerning the advection of the
anisotropy tensor.

Direct numerical simulations of a fully developed
rotating channel at different Reynolds and rotational
numbers were made by Alvelius and Johansson (1999).
The two most rapidly rotating cases for Res � usd=m ¼

180 are computed here. d is the half channel width and
the average wall friction velocity is defined as 2u2s ¼
ðussÞ

2 þ ðuus Þ
2 where uss and uus are the stable and unstable

side friction velocities, respectively. The rotation num-
ber Ro � 2xðrÞ

z d=Um and the bulk Reynolds number
Rem � Umd=m are given in Table 2, where xðrÞ

z is the ro-
tation rate of the system and Um is the bulk velocity.

The Wallin and Johansson (2000) EARSM together
with the Wilcox (1988) K–x model is computed with the
proposed curvature correction. The curvature corrected
CC-WJ EARSM agrees well with DNS data, though a
somewhat overpredicted Rem (for the prescribed Res) is
seen in the Uþ plots in Fig. 4 and in Table 2. Using the
curvature corrected original WJ EARSM the effect of
rotation is slightly overestimated while the non-
corrected iWJ EARSM underpredicts the rotation
effects. Thus, the effect of curvature correction and the

Table 2

Rotating channel flow. DNS specification (Alvelius and Johansson,

1999) and computational results using the curvature corrected CC-WJ

EARSM

DNS DNS CC-WJ CC-WJ

Ro 0.43 0.77 0.43 0.77

Ress 129.7 133.0 129.8 138.4

Reus 218.3 217.2 218.8 213.4

Rem 3094 3446 3257 3804

Fig. 4. Computed rotating channel flow for Ro ¼ 0:43 (top) and Ro ¼ 0:77 (bottom) compared to DNS of Alvelius and Johansson (1999). Curvature

corrected WJ (– – –) and CC-WJ (––) EARSM compared to non-corrected iWJ EARSM (- - -). U 0 ¼ 2xðrÞ
z (– - –) is also shown.
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choice of A0 are important also for this case. In Table 2
it is seen that the skin friction differences between the
stable and unstable sides are well captured by the cur-
vature corrected CC-WJ model.

The shear stress plots in Fig. 4 show that all models
capture the laminarization on the stable side reasonably
well. However, the DNS data show a small level of
positive shear stress for the Ro ¼ 0:43 case where all
models give almost zero uv.

5. Concluding remarks

The local mean velocity gradient is not sufficient in
determining the curvature or rotational effects and an
independent additional measure is needed. Two basi-
cally different options for determining that measure are
suggested by considering the rate of change of either
the strain-rate tensor or the acceleration vector. In both
methods, the second order derivative of the velocity field
is needed. In situations where the strain rate or the ac-
celeration vanishes the corrections might become almost
singular. That situation is less severe for the strain-rate
based method, since the turbulence production and the
influence of the turbulence is less critical in vanishing
mean flow strain rate. Hellsten (submitted for publica-
tion) has found that the acceleration based method leads
to problems in some situations of mild curvature where
the direction of the acceleration vector may vary rap-
idly. This was demonstrated in a U-bend flow, which
showed an almost singular behaviour. For the same
case, the strain-rate based method behaves much better.

The strain-rate tensor and the acceleration vector, as
well as their material derivatives, fulfill Galilean invari-
ance, that is independence of solid-body motion of the
frame of reference, and, thus, also the proposed cor-
rections are invariant. However, any incompressible
flow field should also be independent of a superimposed
solid-body constant acceleration, according to Spalart
and Speziale (1999), except for a modified pressure field.
The acceleration based modification must thus be used
with caution in accelerated frames of reference. Exten-
sions of EARSMs for including approximations of the
usually neglected transport terms from the l.h.s. of Eq.
(1) could never be expected to be completely general, but
could anyway be motivated by improved model per-
formance in a reasonably wide class of flows.

The EARSM proposed by Wallin and Johansson
(2000) was originally without any corrections originat-
ing from the l.h.s. of Eq. (1) and, thus, the choice of the
A0 coefficient was arbitrary. Introducing the proposed
curvature correction resulted in a rather poor behaviour
in rotating flows in contrast to the L-SSG. By calibrat-
ing the A0 coefficient for consistency with neutral sta-
bility in irrotational flows, a value closer to that of the
L-SSG was obtained. The behaviour of the resulting

model, CC-WJ, became quite similar to the L-SSG
without influencing the behaviour of the original WJ
model in flows without curvature effects. The rather
limited complexity of the fully 3D WJ EARSM, com-
pared to the L-SSG, is, thus, retained also with the
modified A0 coefficient and with the curvature correc-
tion. In the WJ EARSM, A2 ¼ 0 (C3 ¼ 2) which means
that the last term in (1) vanishes leading to a reduction
in the algebraic complexity for the resulting EARSM,
especially in 3D flows (see Wallin and Johansson, 2000).

It is, however, important to highlight that the corre-
sponding pressure–strain rate model, given by Eq. (2),
becomes completely different by a modification of the A0

coefficient. The coefficients are given in Table 3. The
CC-WJ model introduces e.g. a non-linear part through
the non-zero C1

1 and also, the value of the C2 coefficient
is not consistent with the rapid distortion theory, which
gives C2 ¼ 4=5. Also the L-SSG model has a departure
from the theoretical C2 ¼ 4=5 even though the full non-
linear SSG fulfills the rapid distortion theory. It is, thus,
reasonable that a lower value of the C2 coefficient is a
better compromise over a wider parameter range than
the more extreme state of rapid distortion and that a
non-linear model is needed for covering also the rapid
distortion limit.

The test cases considered in this paper were chosen
primarily for validating the calibration of the model
coefficients. The cases also clearly demonstrate the im-
portance of applying curvature correction even if the
curvature is explicitly known for these particular cases.
The novel feature in the proposed approximation
methods of the local curvature in general flows are
mainly the explicit 3D forms. Hopefully, this paper will
encourage the use of the proposed corrections in more
complex 3D flows.

Acknowledgements

The first author would like to acknowledge Karl
Forsberg at Swedish Defence Research Agency (FOI)
and Sharath Girimaji at Texas A&M University for
helpful discussions. This work has partly been carried
out within the HiAer Project (High Level Modelling of
High Lift Aerodynamics). The HiAer project is a col-
laboration between DLR, ONERA, KTH, HUT, TUB,
Alenia, EADS Airbus, QinetiQ and FOI. The project is

Table 3

The values of the C coefficients for different quasi-linear pressure–

strain models

C0
1 C1

1 C2 C3 C4

L-SSG 3.4 1.8 0.36 1.25 0.40

WJ 3.6 0 0.8 2 1.11
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Appendix A. Circular flow with an axial component

Circular flows with an axial component is described
in a cylindrical (̂rr; ĥh; ẑz) system. The velocity is given by

U ¼ V ðrÞĥh þ W ðrÞẑz: ðA:1Þ
The exact transformation may be determined to

xðrÞ ¼ V
r
ẑz: ðA:2Þ

The acceleration and rate of change of that are

_UU ¼ � V 2

r
r̂r; €UU ¼ � V 3

r2
ĥh: ðA:3Þ

The approximation of the system rotation rate based
on the acceleration system, xðapproxÞ in (16) becomes

xðapproxÞ ¼ V
r
r̂r ĥh ¼ V

r
ẑz ðA:4Þ

which is identical to the exact transformation.
The strain-rate tensor is then given by

S ¼ 1

2

0 V 0 � V
r W 0

V 0 � V
r 0 0

W 0 0 0

0
@

1
A ðA:5Þ

and the rate of change of that is

_SS ¼ V
r

V
r � V 0 0 0
0 V 0 � V

r
1
2
W 0

0 1
2
W 0 0

0
@

1
A: ðA:6Þ

The approximation based on _SS, xðSÞ in (12), can be
determined by use of the S and _SS relations

xðSÞ ¼ V
r
ẑz ðA:7Þ

which also is identical to the exact transformation.
The Spalart–Shur correction e in 3D can be written as

e ¼ Spl _SSlq�pqi
2IIS

2xið Þ; ðA:8Þ

where xi is the vorticity. The quantity e is the inner
product of the rotation rate of S following the stream-
line and S rotated by the rate of the vorticity vector.
That can be written as

e ¼ xðS–SÞ
i 2xið Þ ðA:9Þ

and by identification, the approximation of the system
rotation rate based on Spalart–Shur is given by

xðS–SÞ
i ¼ Spl _SSlq�pqi

2IIS
: ðA:10Þ

By including the S and _SS relations, one obtaines

xðS–SÞ
r ¼ 0;

xðS–SÞ
h ¼

3
4
W 0 V

r
V
r � V 0� �

V
r � V 0

� �2 þ W 02
;

xðS–SÞ
z ¼ V

r
1

"
�

3
4
W 02

V
r � V 0

� �2 þ W 02

#
:

ðA:11Þ

Hence, the Spalart–Shur correction reduces to the exact
transformation only in cases where the axial velocity is
constant (W 0 ¼ 0).
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